Abstract-This paper presents a new analytical technique for improving the performance prediction of single-phase induction motors, especially capacitor motors. The technique uses the split-phase motor electrical equivalent circuit analysis together with electrical and magnetic parameters whose variation is computed from the equivalent balanced polyphase motor, so that the same magnetic circuit analysis can be used for both. (The term split-phase is used to cover motors operating from a single-phase supply but with the phase windings split into two orthogonal windings, one of which may have a capacitor in series with it during running or starting.) The technique accounts for the elliptical envelope of the magnetizing field vector and results in improved precision, since the three-phase electromagnetic model is considered to be more precise than the normal split-phase motor analysis. An important result is the computation of vector polygons of flux density for each section of the magnetic circuit, providing a better basis for core loss prediction. The double-frequency torque ripple is also obtained from the stator magnetomotive force and flux-density polygons. Three different electrical equivalent circuit methods for the split-phase motor (based respectively on the cross-field theory, forward-and backward-revolving fields, and symmetrical components) are evaluated to determine the method best suited for incorporating the variation of the circuit parameters from the polyphase magnetic circuit analysis, and it is discussed how the core losses can be included in these circuits to obtain the best overall performance prediction.
I. INTRODUCTION
T HE single-phase induction motor is widely used in low-power applications such as refrigerators and a variety of pumping applications, many of which run for long periods. Power levels range from subfractional to a few kilowatts, and energy conservation studies have identified this motor as having significant potential for savings in energy consumption. Fig. 1 shows an example of the type of motor analyzed. Against this background the efficiency of these small motors is an important design parameter [1] , [2] .
The theoretical basis of design calculations for both polyphase and split-phase induction motors is the electrical equivalent circuit [3] - [5] . In both cases the parameters of this circuit vary with slip, load, and voltage. Their computation is simpler in the polyphase motor because the flux is essentially constant and rotates at synchronous speed, whereas in the split-phase motor it varies cyclically and is visualized as having forward and backward revolving components. Since the flux variation in split-phase motors is "elliptical" it can be treated with reference to a variable-voltage calculation in the equivalent polyphase motor [6] . This is the basis for the method described in the paper. Superimposed on the main flux is a set of harmonic variations caused by the effects of saturation, slotting, and skew [7] . These variations are themselves accompanied by induced rotor currents which do not participate in torque production but contribute significantly to the stray loss, and any method for estimating the stray loss must be built on a sound analysis of the main flux as described in the paper [6] .
In polyphase motor analysis the core loss and stray loss are usually incorporated into the equivalent circuit by means of resistors connected, for example, in parallel with the magnetizing reactance or in series with the winding resistances. In single-phase motors the equivalent circuit has two sections, for example, one for the forward and one for the backward field, and it is not obvious how these losses should be apportioned between the two sections. Although the originators of the main analyses of the single-phase motor [8] - [14] recognized the possibility of including core losses via resistors in the equivalent circuit, they did not have the computing facilities necessary to solve these circuits when the resistors vary with operating conditions and, therefore, the core losses were often omitted in electrical performance calculations or lumped together with mechanical losses. The circuits described in this paper have variable core-loss resistors, with the losses divided between the two parts of the circuit according to physical principles described later. The circuits are solved iteratively by means of a computer program [15] .
II. THEORY

A. Equivalent-Circuit Models
The equivalent-circuit models used in this paper are based on the classical models extended to include core-loss resistances [8] - [14] . Fig. 2 shows the pure single-phase model, Fig. 3 the forward-and backward-revolving-field model [14] , and Fig. 4 the symmetrical components model [15] . The cross-field model shown in Fig. 5 is considerably more complex because it includes a tapped main winding [4] , [10] , [15] , [16] and three core-loss resistances connected in parallel with the elements of the winding equivalent circuits that represent their respective flux linkages.
B. Revolving-Field Polygon Technique
When analyzing a split-phase motor, the technique starts by replacing the split-phase winding with an equivalent three-phase . Cross-field equivalent-circuit including a tapped main winding and three core-loss resistors [15] , [16] . winding. The motor is then analyzed as a three-phase motor at no load, and the voltage is ranged to cover all saturation levels. The following parameters are logged: magnetizing magnetomotive force (MMF), magnetizing reactance
, and values of peak flux density in every section of the magnetic circuit: stator teeth and yoke; rotor teeth and yoke. The magnetizing MMF and are used to determine the magnetizing reactance of the split-phase motor as shown in Fig. 6 .
The procedure is iterative and starts with the split-phase magnetizing reactance taken from a standard magnetic circuit calculation. The procedure generates polygons (approximate ellipses) of the MMF and reactance values in a polar plot in which the magnitude is represented by the radius and the angle is the phase during one cycle at fundamental frequency. When the procedure has converged, the corresponding polygons of flux density in each section of the magnetic circuit are found by cross plotting from the polyphase ranging calculation.
The process described by Fig. 6 can be further interpreted graphically as in Fig. 7 . The space vectors of flux density in each section of the magnetic circuit are related to the magnetizing MMF space vector via the magnetic equivalent circuit for an equivalent three-phase balanced machine which has the same geometry as the single-phase machine. If slotting and phase-belt effects are ignored, the three-phase machine has circular loci for both the magnetizing MMF and the flux, and its nonlinear magnetic equivalent circuit is used to determine the relationships between and the peak flux densities in each section, taken over a range of voltage at no load.
is used because the saturated main field reactance in the cross-field model of the single-phase machine most closely represents the general magnetic state of the machine. The parameters stored with from the voltage-ranging calculation are the flux densities and MMF drops for all sections of the magnetic circuit, and the total magnetizing MMF.
The voltage-range data from the three-phase motor are then linked to the split-phase equivalent circuit. The cross-field method was selected for this, since it operates with a main field reactance and a magnetizing current as in the three-phase equivalent circuit. The other two split-phase equivalent circuits operate with forward and backward components which make it more difficult to relate the magnetizing current and the main field reactance to the three-phase motor data.
The voltage-range data from the three-phase motor are applied to the cross-field split-phase equivalent circuit in the following steps.
1) Solve the cross-field circuit for a starting value of . This produces a revolving field polygon for the space vector of the magnetizing MMF, with a generally elliptical shape.
2) For each value of magnetizing MMF along the polygon, look up the corresponding value for the main field reactance of the equivalent three-phase machine. The result is a polygon for representing its variation over one electrical period.
3) Determine the mean value of from the polygon and apply this in the cross-field circuit. 4) Repeat steps 1)-3) until the mean value of has converged to a steady value. At this point the electrical quantities from the cross-field method are determined, and the flux densities for each section of the magnetic circuit are mapped from the final polygon obtained in the voltage-ranging calculation; see Fig. 6 .
C. Core Losses
The revolving-field polygon technique generates the time waveform of the flux density in each section of the magnetic circuit, permitting the core loss to be calculated using a modified Steinmetz equation of the form (1) where , , and are coefficients determined from standard sine-wave loss curves; is an exponent of the order of 1.5-2.5 and represents the mean value of over one electrical cycle. The polygon of the space vector of flux density in each section of the magnetic circuit is used to find a representative value via a weighting, which is deduced from the form of (1) as a reasonable and simple means of representing the influence of flux-density variation on the core losses. The stray losses can be calculated by superimposing slot and phase-belt harmonics on the waveforms, but this process is beyond the scope of the present paper.
D. Ripple Torque
The revolving-field polygon technique can be used to determine the torque ripple taking into account the polygon shapes of the stator MMF and the motor flux; see Fig. 8 .
The instantaneous torque is derived from the product of the back electromotive force (EMF) and the phase current , divided by the speed, where is the number of turns per phase. The product combined for all three phases is the stator MMF space vector. The flux/time derivative will have the same polygon shape as the flux, and the highest derivative appears where the amplitude of the flux is highest, assuming constant spatial flux distribution. Thus the torque waveform is obtained from a point-by-point multiplication of the stator MMF and tooth flux-density polygons. Finally, the mean torque obtained from the cross-field equivalent circuit calculation is used to scale the torque waveform over a complete electrical cycle. Fig. 7 for a two-pole split-phase motor at different speeds. The polygons show that the total stator MMF is much more elliptical than the magnetizing MMF, the magnetizing reactance , or the tooth flux-density space vectors. The near-circular loci of these last three parameters justify the revolving-field polygon technique.
III. RESULTS
Test results from this technique are shown in
To validate the flux polygon shape still further, a transient finite-element calculation was used to determine the time fluxdensity waves of the teeth. This result helps to identify the parameters which control the circularity of both the magnetizing MMF and the resulting flux polygons. Fig. 9 shows the finite-element tooth flux-density waves at full load.
Agreement between the finite-element method and the revolving-field polygon technique is good, considering that the finite-element result includes flux-density variations due to space harmonics associated with phase belts and slotting. These effects are not modeled in the polygon technique. To get an idea of the influence of saturation on the circularity of the flux polygons, a comparison with finite elements is made at reduced voltage as shown in Fig. 10 .
The comparison at reduced voltage also shows good agreement with the finite-element results. The flux-density polygon at reduced voltage is circular, and it is concluded that saturation has little influence on the shape of the polygons of flux, flux density, and magnetizing MMF in a typical split-phase motor. The circularity is attributed to the relatively long time constant of the rotor compared with one electrical cycle. In other words, the cyclic variations in stator MMF are compensated and virtually cancelled out by opposite variations in the rotor MMF.
A. Comparison of Split-Phase Equivalent-Circuit Models
In order to show the quality of the methods the results are compared with standard measurements in the range 0%-120% load. Stray losses are added to the mechanical losses. The comparison includes line current, torque, efficiency, power factor (treated as negative for plotting purposes), main and auxiliary currents, and the sum: core stray losses rotor ohmic loss. The core losses are modeled by (1) with a weighting factor of 2 as explained earlier, and the stray loss is taken as 2% of the shaft power.
The temperature of the stator winding was set to the mean of the measured average winding temperature (obtained from resistance increase) during the whole test. The rotor temperature was assumed to be 20% higher than the stator winding temperature.
Figs. 11-13 show that the cross-field and the forward-and backward-components methods agree closely and provide the best agreement with measurements. Both methods lack load dependency at light load, probably because the magnetic circuit solver does not directly account for the actual elliptical shape of the fields in the split-phase motor. The symmetrical components method deviates from the other two methods, as a result of the different methods for including the core loss. All three methods give the same results when the core losses are excluded.
B. Validation of the Revolving Field Polygon Technique by Comparison with Standard Test Data
To validate the overall performance prediction, several comparisons were made with standard test data. One such comparison is shown in Fig. 14 for a 2200-W two-pole 50-Hz capacitor motor. Agreement between test and calculation is improved compared with Figs. 11-13. Similar comparison results were obtained for different motors at 470 and 2200 W. The magnetic circuit calculation for the equivalent three-phase motor is described in [10] .
IV. CONCLUSION
A technique for improving performance prediction in splitphase induction motors has been presented, including theory and experimental results from a selection of motors. The technique is based on the elliptical locus of the space vectors of stator MMF, magnetizing MMF, and air-gap flux, and a corresponding locus constructed for the magnetizing reactance.
The varying saturated magnetizing reactance is determined from a voltage-ranging calculation in the equivalent balanced three-phase machine. The technique therefore takes account of both the elliptical variation of the stator MMF and the effect of saturation on the magnetizing reactance and main flux. From a practical point of view it has the advantage of using a common magnetic circuit analysis for both the polyphase and split-phase machines. The split-phase motor analysis is improved as a result of the greater precision in the polyphase electromagnetic model, particularly in relation to the calculation of the air-gap flux-density waveform including saturation harmonics, [6] .
It is shown that the loci of the space vectors of magnetizing MMF, air-gap flux, and tooth and yoke flux densities are much less elliptical than the locus of the space vector of total stator MMF. This is attributed to the long rotor time constant compared with one electrical cycle, such that induced rotor currents effectively damp out the variations in total stator MMF.
The technique improves the basis of the core loss calculation in the split-phase motor in two main ways. First, it provides a graphical visualization by means of polygons representing the variation of flux densities through one cycle, which show the degree of "ellipticity" in the various field components. Secondly, the core losses developed from the modified Steinmetz equation are incorporated in the main variants of the equivalent-circuit model based on cross-field, forwardand backward-revolving fields, and symmetrical components. Comparison with test data brings out the differences between these theoretical models, and it is shown that the cross-field model and the forward-and backward-revolving-field model produce somewhat better results than the symmetrical component model.
The technique also produces the waveform of the double-frequency torque ripple directly from the interaction of the stator MMF polygon and the main flux polygon.
Comparison with test data for a 2200-W capacitor motor shows an improvement for the revolving-field polygon technique over the standard equivalent-circuit models. Similar results have been obtained with 470-and 1100-W motors.
It is perhaps interesting to note that the solution of the equivalent-circuit models incorporating variable core-loss resistances requires an iterative technique far beyond the computational capability of the original developers of these models in the 1920s-1950s, even though the concepts would have been very recognizable by them. However, the revolving-field polygon technique and the validation by transient finite elements are essentially "computer-age" methods without parallel in the original literature.
